1. Watersheds

The watershed terminology is adapted from topographic relief or elevation concepts as
they apply to hydrology. The method has also developed from mathematical morphology
[Dougherty, 1992, pp. 48] . This is a region formation method that uses the concepts of
watersheds and catchment basins. The basic idea is to flood the image data that is considered to
be elevation data. As the image floods, the catchment basins will fill with water starting from
local minimums. At points where the water from catchment basins meet, create a dam or
division. This will segment the image data [Vincent and Soille, 1991; Sonka, Hlavac, and Boyle,
1999, pp. 186 ]. The method tends to over segment the image. That is, the regions are smaller
than regions that correspond to the objects in the image. The method can be applied when the
image data are elevation data. Later we will see that it can also be useful as a segmentation
method with intensity image data. Whether we are using elevation data or intensity data the gray-
level stands for elevation in this method. Recall that p us a pixel i.e. p = (x,y) and N, are the
neighbors of p.

Let us now give some definitions. It is useful to consider the image as a graph in these
discussions. The neighbors of a pixel depend upon whether one is considering 4-neighbors or 8-
neighbors. The digital image is G = (D, A,,g) where D is the digital grid, A is the set of arcs

between pixels, and g(p) is the gray-scale function that is considered to be elevation. A level-
component at gray-level h is a connected component of G say lev, where the pixels all have

gray-level g(p)=h. The boundary of lev, is the set of p in lev, such that a neighbor, in the graph,
is not in lev, . A neighbor has a different gray-level. The lower boundary is the set of p with a
neighbor with a lower gray-level than g(p). The interior is the set of points in lev, that are not on

the boundary. A descending path is a path, a sequence of pixels, such that the gray-level does not
rise on the path. A regional minimum or minimum at level h is a level-component of h where the
lower boundary is empty. It has no neighbors with a lower gray-level.

Minimums. M is a minimum of g if M is a plateau of pixels with value k. All the pixel in M have
gray-level k. And one cannot reach a lower altitude without climbing higher in gray-level values.
Vpe M,vgeM where g(q) <g(p) and for every path

pa=(p,.p;..--,p;) where p,=p, p,=q there is an i such that
a(p) > 9(p,) = 9(p).-

Consider the following example.
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Figure 1. Minimums

The above data has the following minimums.
minimum, {(2,4)}

minimum, {(5,2), (5,3), (6,3), (6,4)}
minimum.={(4,5)}

Let k a gray-level and T, ={p|9(p) <k}, where p is a pixel. These are the pixels with
gray-levels < k. A path in a set A between pixels p, q is a sequence of pixels
pa={p,.P;.P,,---.P } Where p, = p, p, =qand each p; is in A. In addition, each p;, pi+1 pair are
neighbors. The length of the path is len(p,) = k. The neighbors may be defined as 4 or 8

neighbors. Another useful term is geodesic distance. The geodesic distance from point p to point
g in set A is defined by

da(p.q) =inf {len(pa) |pa is a path between p and g in set A}.

That is, if pa = (po,ps, .Pk), then each p; is in A. It is the length of the shortest path between p
and g that lies within set A.

Pa

Figure 2. Path within a Set.

Now let us define the geodesic influence zone of a set B with connected components. B = U B,



where each B; is connected and a subset of A. The geodesic influence zone of subset B; in set A
is defined as iz,(B;) ={pcA| Vj d,(p,B;)<d,(p,B;) 1= [}[Vincent and Soille, 1991]. It is

the set of points in set A such that the geodesic distance from the point p to B; in A is less than
the geodesic distance from point p to any other component of B.
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Figure 3. Geodesic Influence Zone

The term skiza (B) = (A - iza(B)) which are the elements in A which are not in iza(B). Here
izA(B):UizA(Bi). These are the points not in any influence zone. They are points equidistant

from two or more connected components.

A catchment basin is defined from the minimum regions [Vincent and Soille, 1991]. Let
M be a minimum region. Then a catchment basin C(M) consists of the pixels from which there is
a downhill path to M. It is useful to define the following term. Let k be a gray-level, then
C.M)={peC(M)|g(p) < k}:(C(M)ﬂTk). These are the pixels at gray-level k or less in

the catchment basin C(M). The set C, (M) is useful in calculating C(M).
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Figure 4. Catchment Basins

Consider the following example. The minimums and catchment basins are indicated.

OFR, NWPRKMOOO N

Figure 5. Example Catchment Basins

8 |8 |8 |8 8 18 |8 |8 8
7 |6 |6 |7 W [7 |7 |7 8
7 |5 |6 |7 5 |4 [3 8
6 |4 |6 |7 5 |2 2118
6 |4 13 ][5 6 (2 |28
6 |3 [3 [|5 |\ |7 |5— 13 [8
6 |3 [3 W6 7 (6 |4 |8
7 |6 |6 |6 |7 \[s |8 |8 8
o 1 2 3 4 5 6 7 8

Watershed

line

Minima



The following is a method for calculating the catchment basins using an immersion
procedure. The basic procedure is to start with the lowest minimum regions and then add the
pixels at the next gray-level that is in the catchment basin of each minimum. At each pixel where
the catchment basins would merge, then build a boundary between the basins.

Catchment
Basins
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- — Minimum
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Figure 6. Method for Forming Catchment Basins

Consider some of the details of the processing. Start with the minimum with the lowest
gray-level. Let knin be this gray-level corresponding to the lowest minimum. Let Sxmin be the set
consisting of pixels with gray-level kmin. This is the start of the catchment basins that just
contains the lowest minimum sets. The only points in the catchment basins are the points in the
minimum sets. We now move up to the next gray-level. At the next gray-level we will expand
the catchment basins already formed or else find new minimums that will form the beginning of
a new catchment basin.

Now consider the next gray-level and let Tymin+1 be the pixels with gray-levels less than
of equal to Kmin+1. Then Skmin < Tkmins1.  The points in Tymins+1 are the candidate points to go in
Skmin+1 at the next level. Let B be a connected component of Tymin+1. There are three possible
situations as shown in the following figure.
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Figure 7. Possible Components in Forming Catchment Basins

The dark areas of the figure are Skmin . The B’s are the connected components of Timin+1 -
Consider the first case where
1. B,NS,nin =¢ the empty set. In this case, By is a minimum. Now Vp ¢ B and

P&S, i, = 9(p) = (kmin+1). But since peT, ., = 9(p)<kmin+1. Therefore, g(p) =

kmin+1. All the surrounding pixels of B; do not belong to Txmin+1 and ,therefore , must have a
gray-level > kmin+1. We have found a new minimum. This forms the beginning of a new
catchment basin.

2. Now consider case 2. In this case B, NS, .., # ¢ and is connected. This means that B,
having a gray level kmin+l belongs to the catchment basin associated with the
minimum B, NS, ... -
3. Now consider case 3. Here B, nS, .., # ¢ and the intersection is not connected. This implies
that B, contains catchment basins formed from different minima. Call these different catchment
basins D,,D,,...,D,. The question to be resolved is the way to take the points in B, and put
them in the different catchment basins. Consider each D, and how to expand it at the next level.
The best choice for the next iteration is the geodesic influence zone of D; inside B,, namely
Cizg (D;). Add the points in the geodesic influence zone to Di. Hence, the catchment basin at the
next level is C 1) (D;) =izg (D;) . We now define S, .0y =iz (S i,) - Note that S,
is a set of connected components the D's. And T, ...,y IS a set of connected components the B's.
Apply the iz, (D;) geodesic influence zone of D in B; and for all cases to get S, .., the next

immersion level.

Tkmin+1




Figure 8. Formation of Catchment Basin at kmin+1

All the cases have been considered. The catchment basins are then S, ., obtained after

the iteration of the process. The watersheds lines are the complement of this set e.g. the pixels
not in a catchment basin.
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Figure 9 . Formation of Catchment Basin at level kmin+1
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1.1 Implementation

Let us now consider the implementation of the method. First construct a data structure
which is useful in the calculations. This forms a sorting function. We build a data structure
consisting of a histogram and a list of pixels at each gray level. This gives direct access to pixels
with gray level k. The histogram with pixels is defined to be h(k) ={i,(x,,y,),(X,,Y,),...} herei

is the number of pixels with gray level k and {(x,,y;).(X,,Y,),...} are the pixels. Next consider

the flooding step and the calculation of geodesic influence zones [Vincent and Soille, 1991].
Suppose flooding has progressed to level h. Then every catchment basin whose minimum

is <h has a unique label. For the next level, one then needs to compute geodesic influence zones

of the labeled regions within the T,,; set of pixels. Consider pixels at gray-level h+1. These are

the pixels that must be included in the geodesic influence zones of the already labeled regions.
One needs to compute the geodetic distances of each of these pixels to its nearest component, D,
of S, where D is a labeled region. Do the calculation by expanding each component of S, . In

order to do this we define a region where each pixel has gray level h+1. Let
W ={p| g(p) = h+1L}be aregion with gray-level h+1. Now consider the following steps.

Step 1. Consider all pixels p in W where p has a neighbor in D a component of Sy,. These pixels
are of geodesic distance one from a component of Sy. If p has two neighbors in different
components say D; and D, of Sy, then p is not a candidate for inclusion in the geodesic influence
zone of any D component of S,.. This will leave a boundary between zones. Otherwise, place p in
the geodesic influence zone of D where D is in the neighborhood of p. After step one each
component of Sy has been updated with all p in W of geodesic distance one from D a component
of Sy. The following figure shows this process. Call this new component of D as D’. We now
iterate the process.

Step 2. Consider all pixels p in W where p has a neighbor in D’ a component of Sy, created in
step one. These pixels are of geodesic distance one from a component D’ of Sy, created in step
one. If p has two neighbors in different components D’;, D, of Sy, then p is not a candidate for
inclusion in the geodesic influence zone of the D’ component of S,. Otherwise, place p in the
geodesic influence zone of D” where D' is in the neighborhood of p. This process also places p in
the geodesic influence zone of D.

Step 3. Iterate the process until no more points at gray-level h+1 can be added to the existing
catchment basins. After this iteration only the minimums at level h+1 have not been labeled.

Step 4. Label the minimums at gray-level h+1.

Step 5. Increase h by one and iterate the entire process.

It might be noted that the process of including points in the catchment basins of steps 1 and 2
provides for a boundary between the two catchment basins. The criterion says a point is on the
boundary between two catchment basins if it has neighbors in at least two different catchment
basins.
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Figure 10. Process for Adding Points to Catchment Basin

Consider the following example. The original image data and the catchment basins at the

different levels are shown.

10



Lo
WJH Wzmp __“ - =
5L g 23 gL g s 2
ol % D= u ol 5 = 2
e ) [oe] [oe] ©| ©| ©| ©| ©C| ©| T| T
M| c|ac M N~ C| ©| © N~ M~ o] o] | | © N~ ©C| ©| ©| ©| ©C| | C| O
©| © (o} ©| ©| © O MN~|@©| @] ©f ©| © O ©| ©| ©| ©| ©| ©| T| O
Lo 0|0 Lo MN~| @©| @© N~ ™~ Lo @©| ©| | ©
<t <t MN~| @© N~ O~ <t ©| ©| © o)
o™ Lo o IR I el Hel el NelNes) oOolololo
NMmlm AN o) [e\] Ol ololojlaojlo|N Ololo|lololololo
M ™ — nlolo — ol NeolNeol ol ol ol Neol R | ol Neolieol ol ol ol NeolNe)
o o I el Neol Heol NHeol N fe) Olo|lololajlajlolo
M~ OO S ON O MO oM o MO MOAN O MO S< MOANAO
00|00 |00|CO|00|00O|00|0O| 0O [e0) [e 0] CO|00|00|00O|00|00O| 00|00
DI~ MIN|N|[M|<T|0O |~ | ©| © N~ ©| ©| ©| ©| © N~ 00| ©| ©| ©| ©| ©| ©|OO
O~ IN|IN O[O0 |© <t| @©| © O C| ©| ©| ©|O O 0| @| | ©| ©| ©| |00
(el RTo N NToR RCol N Nl Noo R K] Lo C| ©|© Lo 00| @| ]| @© [oe]
VIO OINMNOlOIN < < 0| [{e} N{e] < 00| @©| @© o)
V|~ |OC|OTm o o] Neli{cli{clNep] (o] ol o] ol Ne]
VDO OIMIMM|O|N o) [9\] OOl |Oo|N [co] Nel Nel el ol ol ol Ne]
VDOV ITII|IMIM|O| < | <t — Olojlojlo|lo|lo|o|d [col Mol Nel el ol ol ol Ne]
VI~ NO|O|O|lOIN~NIO o O|O|Ow|©O o [co]l Mol Nel el ol ol ol Ne]
MO U S< MOAN O MO o< oM (@] M OIS OAN O MO SE OMOANAO
° _4 _6 _V,MD.
g =S g =2g 53 %
ES 52 3 52 3 =

01 2 3 456 7 8

Figure 11. Image Data and Catchment Basins
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1.2 Binary Images

Consider now the segmentation of binary objects [Vincent and Soille, 1991]. The
following image shows overlapping objects in a binary image.

Figure 12. Overlapping Objects in a Binary Image

If we want to use a watershed method, we need to convert the binary image to an elevation
image. We can do this by giving each pixel a gray-level that corresponds to its distance from the
background region. We need to generate an image where g(x,y) is the distance of the pixel p to
the background for any pixel p inside the object.

» g(p)=a

Figure 13. Distance from a point to the Boundary

In the following figure the dark areas would be the pixels with large gray-levels. They are far
from the border with the background region.
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Figure 14. Gray-level Distance Image

The following figure shows a desired segmentation of the image.

Figure 15. Desired Segmentation of Binary Image
The following example will demonstrate the calculations.
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Figure 16. Example of Binary Image
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Figure 17. Distance Values for Binary Image

We are using 4-connectivity for distance in the above calculations. The following figure has each
value subtracted from 5 to get into the form for the watershed algorithm.

15



13
12
11
10

9 10 11 12 13 14 15 16 17

8
X

Figure 18. Elevation Values for Binary Image
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1.3  Gray-Scale Intensity Images.

Now consider gray-scale images. If we want to use a watershed method on gray-scale
images, then we must preprocess the images in order to obtain a desirable segmentation. We
need to have large values of the image function at the boundaries of objects for the watershed
method to produce a segmentation at the boundaries. The gradient of the image is the obvious
preprocessing step.

Let g'(x,y) = grad[g(x,y)] = Vg(x,y) = (g,,9,) be the gradient of g. We then use the

watershed method on g' [Vincent and Soille, 1991]. The gradient will be large at the boundaries
of objects and low on the interiors of objects that appear in the image. The minimums are {M, }

of g'. Each minimum corresponds to a homogeneous area of g that will tend to occur on the
interior regions of objects. The catchment basins are C(M, ) for each minimum. The catchment

basins are bounded by crest lines where the gradient function is large which corresponds to the
boundaries between objects. Therefore, the watershed segmentation will create boundaries where
the gradient function is large as desired. The result depends to a certain extent upon the details of
the function used to estimate the gradient.

Consider the following example.

original image
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Figure 19. Gray-Scale Image

The next image is the gradient of the image. The gradient is obtained using the Sobel gradient
operators. The Q's at the boundary are a result of boundary effects and are ignored in the
application of the watershed method.
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Figure 20. Gradient Magnitude of the Image

The watershed method works with integer valued data. The next image is the gradient image
scaled between 0 and 9.
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0 |3 9 9 2 1 0] O 0-9

0 1 8 9 | 3 1 110
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0OJ]0OjO0O]JO]J]O]O]O]O

Figure 21. Integer Scaled Gradient Image

The next images shows the beginning of the watershed algorithm with the first minimum
marked.
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Figure 22. First Minimum

The next figure shows the next gray level catchment level pixels added. Note that a new
minimum at gray-level 1 is added to start a new catchment basin.
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Figure 23. Adding the next Level to the First Minimum

The process continues gray-level at a time until one completes gray-level 6 that is shown in the
following figure.
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Figure 24. Catchment Basins Through Gray-Level 6
The next figure shows the extension to gray-level 7.
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Figure 25. Catchment Basins for Gray-Level 7

The next figure shows the catchment basins formed by adding gray-level 8. This is the final

segmentation.
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Figure 26. Catchment Basins Through Gray-Level 8
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1.4  Extension to Nodes of a Graph.

One can extend these ideas to graphs. In the previous results the pixels were treated the
same as if they were nodes on a graph. For example the neighbors of a pixels extends directly to
neighbors of a node on a graph. In this case the nodes might represent a region. The distance
between nodes could be defined based on region properties such as average gray-level. There is
an arc between the nodes if they are adjacent. One can then compute the gradient function and
proceed to form the watersheds of the graph which will correspond to watersheds over the graph
structure. This will then produce a segmentation.
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